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We study the time evolution of a periodically driven quantum-mechanical system
coupled to several reservoirs of free fermions at different temperatures. This is a
paradigm of a cyclic thermodynamic process. We introduce the notion of a Floquet
Liouvillean as the generator of the dynamics of the coupled system on an extended
Hilbert space. We show that the time-periodic state which the state of the coupled
system converges to after very many periods corresponds to a zero-energy resonance
of the Floquet Liouvillean. We then show that the entropy production per cycle is
(strictly) positive, a property that implies Carnot’s formulation of the second law of
thermodynamics.

KEY WORDS: quantum statistical mechanics, Floquet theory, cyclic thermodynamic
processes, entropy production

1. INTRODUCTION

During the past several years, there has been substantial progress in the pro-
gram of deriving the fundamental laws of thermodynamics from nonequilibrium
quantum statistical mechanics (see Refs. 3 and 4, for a synopsis). In this pa-
per, we make a contribution to this program by studying Carnot’s formulation of
the second law of thermodynamics from the point of view of quantum statisti-
cal mechanics. For the sake of concreteness, we consider a periodically driven
two-level quantum-mechanical system, X, coupled to n > 2 reservoirs of free
fermions, R, ..., R,. Our analysis can be generalized to a system composed
of an arbitrary quantum-mechanical system with a finite-dimensional Hilbert
space coupled to several reservoirs of (free) bosons or fermions at different
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temperatures.? In order to study the time evolution of the coupled system, we ex-
tend Floquet theory for periodically driven quantum systems at zero temperature
(see for example, Refs. 11, 25, 26) to apply to systems at positive temperatures.

Inparticular, we introduce an operator, the Floquet Liouvillean, generating the
dynamics of the system on an extended Hilbert space, and we show that the time-
periodic state, which the state of the system converges to after very many periods,
corresponds to a zero-energy resonance of the Floquet Liouvillean. We also prove
(strict) positivity of entropy production per cycle, which amounts to Carnot’s
formulation of the second law of thermodynamics. For weak enough coupling of
the small system, X, to the reservoirs, the time-periodic state corresponding to the
zero-energy resonance can be expanded in powers of the coupling constant. This is
of considerable practical importance, since it enables one to explicitly compute the
degree of efficiency of the coupled system. Further discussion of the second law of
thermodynamics and another proof of convergence to time-periodic states using
methods of scattering theory will appear in Ref. 4. As far as we know, all previous
investigations of Carnot’s formulation of the second law of thermodynamics from
the point of view of quantum statistical mechanics assumed that the coupling is
switched on at time ¢ = 7y, and then switched off at a later time ¢ = 7y 4+ t (see
Refs. 7, 22 and references therein). The novelty of our approach is to prove that the
state of the coupled system converges to a time-periodic state with the same period
as the one of the interaction, and that entropy production is (strictly) positive; (see
also Refs. 10, 20, 21).

The organization of this paper is as follows. In Sec. 2, we recall some basic
notions from quantum statistical mechanics, in particular, time-dependent pertur-
bations of C*-dynamical systems, relative entropy, and Carnot’s formulation of
the second law of thermodynamics. We also discuss sufficient conditions to prove
strict positivity of entropy production per cycle. These conditions are satisfied in
the concrete example we consider in the following Section. In Sec. 3, we dis-
cuss a concrete model, and we state the assumptions we make on the interaction
between the small system, X, and the reservoirs, Ry, ..., R,. In Sec. 4, we intro-
duce the Floquet Liouvillean, whose spectrum we study using complex spectral
deformation techniques. In Sec. 5, we use results on the Floquet Liouvillean to
prove convergence of the state of the coupled system to a time-periodic state.
This is one of the main results of our paper. We then prove strict positivity of
entropy production per cycle in Sec. 6, and we discuss how to compute the degree
of efficiency of the coupled system for weak enough coupling. The main ingre-
dients of our analysis are a concrete representation of the fermionic reservoirs

2Bosonic reservoirs are more difficult, technically, since the interaction term coupling £ to the
bosonic reservoirs is generally an unbounded operator. However, one may readily extend the methods
developed in Refs. 20, 21 to study the bosonic case.
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(Araki-Wyss representation), a spectral approach to cyclic thermodynamic pro-
cesses using the so called Floquet Liouvillean, and complex spectral deformation
techniques.

2. GENERAL CONSIDERATIONS

In this section, we recall some of the basic notions of quantum statistical
mechanics, and we introduce the notion of time-periodic states. Although some
of the material is standard, it is presented in this section in order to make our
exposition reasonably self-contained.

In the algebraic formulation of quantum statistical mechanics, a physical
system is described by a C* or W*-dynamical system. Since we only consider
fermionic reservoirs in this paper, we restrict our attention to the discussion of C*-
dynamical systems. However, our analysis can be generalized to //*-dynamical
systems; (see for example, Ref. 9, and also Refs. 20, 21).

A C*-dynamical system is a pair (O, o), where O is the kinematical algebra
of the system, a C*-algebra with identity, and «, which specifies the time evo-
lution, is a norm-continuous one-parameter group of x-automorphisms of O. A
physical state of the system is described by a positive, linear functional w, with
(1) = 1. The set E(O) of all states is a convex, weak-* compact subset of the
dual O*.

Physically relevant states of (isolated) thermal reservoirs are assumed to be
normal to equilibrium states characterized by the Kubo-Martin-Schwinger (KMS)
condition. An equilibrium state of (O, «) at inverse temperature B, wg, is an
(o, B)-KMS state satisfying

wpla (b)) = wp(’ P (b)) .

forall a, b € O, where O° is norm-dense in O.

We briefly recall the perturbation theory for C*-dynamical systems; (for
further details, see for example, Ref. 7). Let § be the generator of «, ie, o' =
¢’ t € R. The domain of the derivation 8, D(8), is a x-subalgebra of O, and for
alla, b € D(6),

3(a)" = 8(a”), 8(ab) = 8(a)b + ad(b).
Consider the time-dependent family of perturbations, {gV'(¢)},.R With self-

adjoint elements gV (t) € O. Then a,, the perturbed time evolution, is a norm-
continuous one-parameter family of x-automorphisms of O satisfying

d
Z7%(@) = o (8(a) + iglV (1), al) , (D
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and a(a) = a, forall a € O. Explicity,

t h
ozfg(a) =a'(a) + Zi”g” / dty f dty - --
0 0

n>1

x fo A (V). - [ (V) & @), -], )

In the standard interaction picture,
ag(a) = Ty (@),
where I, is a unitary element of O which satisfies
d t IR pl a1
EFg =ila'(gV (1)), 3)

0_1.;
anng—l,le,

t 1 th—1
rp= 1+ g [ [ [ et ),
0 0 0

n>1

Next, we discuss the notion of relative entropy and of entropy production.
Assume that there exists a reference C*-dynamics o, on O and a state o with the
property that w is an (o, —1)-KMS state. (Equivalently, at inverse temperature
B8 =>0, cré),ﬂ = U(;t/ﬂ). Let §,, be the generator of o, and let (H,,, 7., 2,) be the
GNS representation of the kinematical algebra O associated to the state w. (For
further discussion of the GNS construction see, for example, Ref. 7.)

A state n € E(O) is called w-normal if there exists a density matrix p, on
'H,,, such that, for alla € O,

n(a) = Tr(pym.(a)),
where T is the trace over H,,. We will denote by A, the set of all w-normal states
in £(O).
For a state n € N,,, which might be time-dependent, denote by Ent(n|w) the
relative entropy of Araki. (1,8) For finite systems,
Ent(n|lw) = —Tr(nlogw — nlogn). 4)

Ifn ¢ N, set Ent(n|w) = +00.3

For a self-adoint perturbation gV (¢) € D(3,,) of the dynamical system, as
discussed above, we define the rate of entropy production in a state n € E(O)
relative to a reference state w as

Ep(n) = n(8.(gV(1))); %)

see for example, Refs. 7 and 17.

3 Note the choice of the sign of relative entropy.
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It is instructive to see how one obtains this expression for entropy production
as the thermodynamic limit of quantities referring to finitely extended reservoirs,
Ref. 5. Consider a quantum system composed of a small system, X, coupled to n
reservoirs, R, ..., R,, at inverse temperatures f, .. ., B,, respectively. We first
treat the reservoirs as finitely extended systems and then take the thermodynamic
limit of suitable quantities. The total Hamiltonian of the finite coupled system is

H(ty=H"+Y H™ +gV (),

i=1
where H” is the Hamiltonian of the uncoupled small system, H”% is the Hamilto-
nian of the i th uncoupled reservoir, and g 7/ (¢) is the interaction term coupling X to
the reservoirs. Let the reference state of the reservoirs be »™ with corresponding
density matrix p” given by

pR=pR @ ...@p%,

where p” is the density matrix corresponding to the equilibrium state of the
reservoir R; at inverse temperature 8;, which is given by

e—ﬁiHR’

 Trr (e FHN)

pR

where Trg, is the trace over the Hilbert space of the reservoir R;.
Define w;, ;== w o a;, where w is the initial (o,,, —1)-KMS state, and let p®
be the density matrix corresponding to w. For a finite system,

Ent(w|0) = =Tr(p” log p™) + Tr(p” log p”)
= —Tr(p” log p™) + Tr(p” log p*),

and hence

d
EEnt(wtle) =iTr([H(t), p”]log p™).

By cyclicity of the trace we have that

d n
JTEnt@l™) =i BiTr(p”[H(), H™])

i=1

=i Y BTr(p" gV (1), H™)

i=1

=wo a;(&,}(g V().
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where we have used in the last equation that 8, = — ) _"_, B;8;, and §; = i[H™, .
Note that the thermodynamic limit of the entropy production rate is well-defined.
One may relate the entropy production to the heat flux from the reservoirs.

The heat flux from reservoir R;,i = 1, ..., n, at time 7 is
d
oRi(r): = ——w o af(H™) (6)
= —io (af([gV (). H)))
=w o ay(8;(gV (1) (7
It follows that
> Be%(t)=—Ep(w o af). (8)

i=1
which, for n = 1 and reversible processes, is a familiar equation.

We now give a definition of a time-periodic state in case of a time-periodic
coupling.

2.1. Time-periodic State*

Assume that the perturbation gV (t) is time periodic with period t, and is
norm-differentiable, for t > 0. For s € [0, ), define the time-periodic state wgs
as

+ .1 nt+s
OMPRES lim w o o 9)

n—oo
Note that it follows from this definition of a time-periodic state that,

+ T _ ot
wg’S o (Xg —a)g,s.

We will show in Sec. 5 that this state is related to a zero-energy resonance of
the so called Floquet Liouvillean.

Next, we exhibit a connection to Carnot’s formulation of the second law of
thermodynamics. Consider a cyclic thermodynamic process in which X is coupled
to two reservoirs, R and R, at temperatures 7} and 7, respectively, with 7} > T5.
Reservoir 1 acts as a heat source and reservoir 2 as a heat sink. Recall that the
generator of the free dynamics of reservoir R; is §;, i = 1, 2. Since V' (¢) is norm

4 A weaker definition of a time-periodic state is

1 nt
o} = lim — dtw o alt’.
8>S n—o0 nt J§ g
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differentiable, for ¢+ > 0, it follows that
d d
—&((M)=61{—T1"],
dt ( g) <dt )
for i =1, 2. Using the fact that §;,i = 1, 2, is a x-derivation which commutes
with o’ and Eq. (3), it follows that

d
=@ (F;B,»(Fg*)) = iw o ag(8:(gV(2))).

Therefore, the heat energy flowing from reservoir R, into system X during
the time interval [0, ¢] is

t
ALOs = — / dt'w o a6V ) (10)
0
= —io (Ty8(Iy)) (11)
i = 1, 2. Moreover, integrating (8), we have
B1AGO1 + A Oy = —Ent(w o aylw) <0, (12)

since the relative entropy Ent(w o a;|a)) > 0.3
Now define the heat flow per cycle from each reservoir R; into X as

AQ; = lim [Qi((n + D7) — Qi(n7)].i = 1, 2. (13)

We assume that the system converges to a time-periodic state, and that during
every cycle, it performs work, ie,
AA=AQ,+AQ,>0. (14)

It follows from the definite sign of relative entropy and the existence of the
time-periodic limit that the entropy production per cycle is nonnegative,

AEnt = /0 dtwg ,(8,(gV (1) = —(B1AQ1 + f2A Q) > 0. (15)

The fact that 81 < B, (14) and (15), imply that AQ; > 0. It then follows
that the degree of efficiency,

AA

= 16
n AO, (16)
_ AQ1+AQ; (17)
AQ,
< -1 = nCarnot’ (18)
T

3 This follows from a general trace inequality, see for example, Ref. 7.
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which is nothing but Carnot’s formulation of the second law of thermodynamics.
In certain situations, one can show that

lim [Ent (a) o a("+l)f|a)) — Ent (a) o aZf|a))] >0, (19)

o
n—00 g

which holds for the model we consider in this paper, and hence < 7™, The
following proposition states sufficient conditions for inequality (19) to hold.

Proposition 2.1. Fort € R", let s := t mod t. Suppose that
(@ wi, ¢ N, and that

T
0) supr R, | fi dHOF 1o Gul gV () — @ 0 al(BulgV O] < C where
C, is a finite, nonnegative constant.

Then Ep(wf ) > 0.

Proof: Suppose that Ep(w] ) = 0. Then

Bt (0 0 alo) = [ dro o oGV )

- /0 (o o & Gu(@V () = 0 ymoa «Gul@V D)

<C.
In particular,

Ent(a);,r?|a)) = lim Ent (a) o a§r+s|w) <C.
” n—00

Let M = 7,(O)”, the double commutant of 7,(O), and let M, be its predual.
The set of all states y € N, such that Ent(y|w) < C is o(M,, M)-compact (see
Refs. 7 and 8). It follows that wgs € N,,, which contradicts assumption (a). |

2.2. Summary of Main Results

Before specifying the concrete model we study, we briefly describe the main
results of this paper, deferring precise statements and proofs to subsequent sec-
tions. One key result of this paper is transposing the problem of proving con-
vergence to a time-periodic state to a spectral problem by introducing the so
called Floquet Liouvillean (Sec. 4). In Sec. 5, Theorem 5.1, we show that the
time-periodic state to which the state of the coupled system converges after very
many periods is related to a zero-energy resonance of the Floquet Liouvillean. We
also establish strict positivity of entropy production per cycle in the time-periodic
state (Sec. 6, Theorem 6.3). In the case of two reservoirs,positivity of entropy
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production implies Carnot’s formulation of the second law of thermodynamics,

Carnot

n<n

Our analysis also has some quantitative implications: At weak coupling, the
time-periodic state is analytic in the coupling constant, and hence one can calcu-
late the entropy production per cycle perturbatively. This leads to a perturbative
calculation of the degree of efficiency when the system is operated as a heat engine.

3. THE MODEL

As an example, we consider a two-level quantum system X coupled to n
reservoirs, Ry, ..., Ry, n > 2, of free fermions in thermal equilibrium at inverse
temperatures S, ..., f,, and chemical potentials w1, ..., u,.°

3.1. The Small System

The kinematical algebra of X is O = M(C?), the algebra of complex 2 x 2
matrices over the Hilbert space H> = C2. Its Hamiltonian is given by H> = w03,
where 0;,1 = 1, 2, 3, are the Pauli matrices. When the system X is not coupled to
the reservoirs, its dynamics in the Heisenberg picture is given by

al(a) = e ge (20)

fora € OF.

A physical state of the small system is described by a density matrix py. The
operator ky = p)l:/ 2 belongs to the space of Hilbert-Schmidt operators, which is
isomorphic to H* ® H~. Two commuting representations of OF on H> ® H*
are given by

wx(a):=a @ 1%, (21)

ni(a) =1 ® C*aC*, (22)
where C¥ is an antiunitary involution on H* corresponding to complex conjuga-
tion; (see for example, Ref. 6).

The generator of the free dynamics on the Hilbert space H> ® H* is the
standard Liouvillean

LE=H*®1* -1 H*. (23)

The spectrum of £¥ is 0 (L¥) = {—2wy, 0, 2w}, with double degeneracy at
zero.

® For the sake of simplicity of exposition, we set the chemical potentials of the reservoirs to be equal
in the subsequent sections.
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Let w* be the initial state of the small system ¥ with corresponding vector
Q% € ‘H® @ HE. The modular operator associated with = is AT = = ® @ ,
and the modular conjugation operator, J*, is given by

JEpev) =789,
for ¢, ¥ € H*. If wy, corresponds to the trace state, then A = 1* ® 1*.

3.2. The Reservoirs

Each thermal reservoir is formed of free fermions. It is infinitely ex-
tended and dispersive. We assume that the Hilbert space of a single fermion
is h = L?(R™, m(u)du; B), where B is an auxiliary Hilbert space, and m(u)du
is a measure on R*. We also assume that the single-fermion Hamiltonian, A,
corresponds to the operator of multiplication by # € R™. For instance, for reser-
voirs formed of nonrelativistic fermions in R?, the auxiliary Hilbert space B is
L2(S?, do), where S? i _is the unit sphere in R3, do is the uniform measure on S2,
and u = |k|2 where & € R® is the partlcle s momentum. In the latter case, the
measure on R™ is choosen to be m(u)du = 5 1 Judu. For the sake of concreteness,
we will consider B = L?(§?~!, do), d > 2, in the sequel.

Let b and b* be the annihilation-and creation operators on the Fermionic Fock
space F(L*(R*; B)). They satisfy the CAR

(), b (@)} =0, 24
{b(N). b ()} = (/. &)1, (25

where b” stands for b or b*, f, g € L*(R™; B), and (-, -) denotes the scalar product
in L2(R™; B). Moreover, let Q® denote the vacuum state in F(L>(RT; B)).

The kinematical algebra, OR | of the ith reservoir R;,i = 1, ..., n, is gen-
erated by 5" and the identity 17%. The free dynamics of each reservoir (before the
systems are coupled) is given by

ol (B(f)) = bj(e™ ), (26)

fori =1,...,n, f € L*(R"; B). For a nonzero chemical potential, u;, of reser-
voir R;, an auxiliary free dynamics is generated by A~ = dT;(h — ;); see for
example, Ref. 7.

The (aR Bi, ui)-KMS state, o™i, of each reservoir R;,i = 1, ,n, at
inverse temperature §; and chemical potential y;, is the gauge 1nvar1ant, quasi-
free state uniquely determined by the two-point function

"I BF (i) = (. P ()]s @7

1

where pg, ., (W) ‘= T I
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Next, we introduce F" := FR(L2(RT; B)) ® FRi(L*(R"; B)), the GNS
Hilbert space for the Araki-Wyss representation of each fermionic reservoir R;
associated with the state »™ . (2) Let b; and 13;“ denote the annihilation- and creation
operators on F % (L?(R"; B)) satisfying the CAR, and denote by Q7% the vacuum
state in F% (L2(RT; B)), with 5; Q™ = 0. The Araki-Wyss representation, 7;, of
the kinematical algebra ORi j=1,...,n,0n .EAW is given by

7i(bi(f)) = bi(y/T = pp 1 /) @1 + (=) @ b} (\/Ppr s )
7 (bi(f)) = b (BB DN @ (=N + 1% @ (=1)N by (/T = pp, 11, ),
(28)

where N; = dT';(1) is the particle number operator for reservoir R;. Furthermore,
QR @ QR e FA" corresponds to the equilibrium KMS state @™ of reservoir
Ri.

The free dynamics on the GNS Hilbert space .EAW of each reservoir R; is
generated by the standard Liouvillean £7%. The modular operator associated with
(ORi, i) is given by

ARi — efﬁ,llRi

and the modular conjugation is given by
JRI'(\IJ QR d) = (_I)Nf(Nifl)/Z@ ® (_I)Ni(Nifl)/z\I;

for U, ® € FA7; (see, for example, Ref. 7).

In order to apply the complex translation method developed in (Refs. 14—
16), we map F" .= FRi(L2(R"; B)) ® FRi(L*(RT; B)) to FRi(L*(R; B)) us-
ing the isomorphism between L?(R™;B) @ L?>(R";B) and L?(R;B). To every
f € L*(R™; B), we associate functions f3 .. f , € L*(R; B) by setting

\/m(u)\/l - pﬁ,;l.(u)f(u’ 0)’ u>0

Spu(u, 0) = - ; (29)
h { \/m(_u)\/pﬂ,;t(_u) f(_u? 0)7 u<0

and
vm)i/pp () f(u,o),u >0,
Mﬁﬂwwﬂr=[ o _ (30)
Vm(=u)i /1= pg(—u) f(—u,0),u <0,
= ifﬁ,u(_“’a)v

where m(u)du is the measure on R™, see Eq. (28). (For a discussion of this map,
see Appendix)

Let a; and a be the annihilation and creation operators on
FRi(L*(R, du; B)). Then

miBI () = al (f5.0). 31)
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mfGHf) = i(=DYal(ff .); (32)
QR @ QR — QT (33)

where a stands for a; or @, and Q7% is the vacuum state in 7 (L?(R, B)). Using
Egs. (27) and (28), one readily verifies that

(", a (fp)ai S ) Q) = (@7 af (ff, )ai( S, )27
= o™ (b (Nbi(f))
= (/s 2. () S) -

Moreover, the free Liouvillean on F™i(L?(R;B)) for the reservoir R; is
mapped to

LR = dT(uy), (34)

where u; € R.

3.3. The Coupled System
The kinematical algebra of the total system, ¥ vV R; Vv --- V R, is given by
0=0"0% g ..@ O, (35)
and the Heisenberg-picture dynamics of the uncoupled system is given by
=05 Qap - Qak . (36)

The representation of @ on H:=H* @ H* @ FR(L’(R;B)® --- ®
FRi(L%(R; B)), determined by the initial state

=" Q - Qw™ @37
by the GNS construction, is given by

T=7s @7 @ ® W, (38)
and an anti-representation commuting with 7 by

t=nien, ® -®n. (39)

Moreover, let Q2 : Q% ® QR ® - - - ® Q™ denote the vector in H correspond-
ing to the state w. Denote the double commutant of 7 (O) by M := 7(0)”, which
is the smallest von Neumann algebra containing 7 (O).

The Liouvillean of the total uncoupled system is given by

Lo=L"+) LR (40)

i=1
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This defines a selfadjoint operator on H.
For a € O we abreviate 7 (a) by a whenever there is no danger of confusion.
The modular operator of the total system is

A=A AT ®...® AR,
and the modular conjugation is
J=T"RJM
According to Tomita-Takesaki theory,
JMJI =M, A" MAT" = M,
for ¢ € R; (see for example Ref. 7). Furthermore, fora € M,
JAaQ = a*Q. (41)

The system X is coupled to the reservoirs R, . . ., R, through an interaction
gV (t), where V(t) € O is given by

V(6)=) {o-@bi(fi(t) + oy ®b(fi(1)}, (42)

i=1

where 01 = 01 £i0y, and f;(¢) € L>(R*;B),i =1, ..., n, are form factors.”
The standard Liouvillean of the interacting system acting on the GNS Hilbert
space H is given by

Ly(t) = Lo+ g1(0), (43)

where the unperturbed Liouvillean is defined in (40), and the interaction Liouvil-
lean determined by the operator V' (¢) is given by

1) =V (1) = JV ()]}

=) 0@ 1" @4/ (fip.u®) + 0t ® 1% ® (i g, (1))
i=1
—i1" @ o (=D)Va;(fly () —i1” @ ou @ (=DVai(ff4 ., (D))
(44)
where a;, a} are the annihilation and creation operators on the fermionic Fock

space F % (L?(R; B)). Note that since the perturbation is bounded, the domain of
Lg(1) is D(Ly(1)) = D(Lo).

7Note that this form of an interaction preserves the total number of fermionsin ¥ VR V- VR,
as required by gauge invariance of the first kind.
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Let l_]g be the propagator generated by the standard Liouvillean. It satisfies
3 Uy (t) = —i Lo(t)Ug(t); Ug(0) = 1. (45)
The Heisenberg-picture evolution is given by
a;(a) = Ug*(t)al_/g(t)], (46)

fora € O.

Generally, the kernel of L,(t), Ker L, is expected to be empty when at least
two of the reservoirs have different temperatures; (see Sec. 6 and Refs. 16, 20 and
21).8 This motivates introducing the so called C-Liouvillean, L, which generates
dynamics on a Banach space contained in H (isomorphic to O) and which, by
construction, has a non-trivial kernel.

Consider the Banach space

CO,Q):={a:a e O},

with norm [|a2||oc = |la||. Since Q is separating for O, the norm |a2| o is
well-defined, and since 2 is cyclic for O, C(O, Q) is dense in H.
We set ¢(a) = a2, and define a propagator U, (¢, t') by

¢(ag" (@) = Ug(t, 1)a. “
Then
QUg(t, 1) = iLg()Uy(t, 1) with Uy(r,1) =1, 4g)
and
Ug(t', )2 = Q. “9)

Differentiating (47) with respect to ¢, setting # = ¢, and using (48), (46) and
(41), one obtains

[(Co+ gV (1) — a(Lo + gV (IR = [(Lo+ gV (1))a — (V(1)a*) ]2
= (Lo+gV(t)—gJAVV()ATV2 ))ag
= Lg(t)af2.
Hence, the C-Liouvillean is given by

Lo(t) = Lo+ gV (t)— gJA* V() A~' 2. (50)

8 This is consistent with the fact that the coupled system is not expected to possess the property of
return to equilibrium if the reservoirs have different temperatures (or chemical potentials). One can
verify that, indeed, this is the case when assumptions (A1)—(A3), below, are satisfied.
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Note that, by construction,
Lo(1)Q2 =0.

forallt € R.
Next, we discuss the assumptions on the interaction. For § > 0, we define the
strips in the complex plane

18):={ze€C:|Imz|] <6}
and
I7(8):={zeC:-8 < Imz <0}. (51)

Moreover, for every function f € L2(R™; B), we define a function f by setting

{W(u,a), u=>0
Jm(uD f(lul, o), u=0"

where m(u)du is the measure on R™. Denote by H?%(8, B) the Hardy class of
analytic functions

(52)

h:I(8) — B,

with
70l 225, := sup/ A(u +i0)||%du < oco.
ol<s JR

We require the following basic assumptions on the interaction term.

(A1) Periodicity.
The interaction term V' (¢) is periodic with (a minimal) period 7 <
oo V(t)=V(t+1).
(A2) Regularity of the form factors.
Assume that 3§ > 0, independent of t and i € {1, ..., n}, such that

e fy (1) € H, B),

where f; is as in Eq. (42) and fj , is defined in (29).
(A3) Fermi Golden Rule.
We assume that

> /i, O > 0,

i=1
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where f;, is defined in (52). which means that the coupling of ¥ to the
reservoirs is non-vanishing in second order perturbation theory.’

Let / be the Fourier transform of £ given by
A 1 (7 . ~
fo, @) = — / dte™" f(u,t), (53)
T Jo

where w = 27”, and 7 is the period of the interaction term (see assumption (Al)).

Then f(u,t) = Yoz € fun(ut, w). Tt follows from (A2) and Parseval’s theorem
that

> 1w +mo, )| < oo, (54)
mel
foru e R.
Let U, be the propagator generated by the adjoint of the C-Liouvillean, ie,
0, Ug(t, 1) = —iUy(t, {)L3(1), (55)
Ug(t, 1) = 1. (56)

Assumption (A2) implies that the perturbation is bounded, and hence the
domain of LZ,, where L stands for L, or L}, is

D(Ly) = D(Lo),

and Uy, Ug are bounded and strongly continuous in ¢ and ¢’.

4. THE FLOQUET LIOUVILLEAN

In this section, we extend Floquet theory for periodically driven quantum
systems at zero temperature to a theory for systems at positive temperatures.
The goal is to investigate whether the state of the coupled system converges to
a time-periodic state. We introduce the Floquet Liouvillean, which generates the
dynamics on a suitable Banach space, and we show in the following section that
the time-periodic state to which the state of the system converges after very many
periods is related to a zero-energy resonance of the Floquet Liouvillean.

We consider the extended Hilbert space H := L*([0, t]) ® H, where 7 is
the period of the perturbation appearing in (42) and (A1), and we introduce the

9 For instance, when the reservoirs are formed of nonrelativistic fermions in R?, an example of a form
factor satisfying assumptions (A1)—(A3) is given by

S, 1) = h@)lul"e ",

where /;(t) is a bounded, periodic function of t € Rand n > 2.
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Floquet Liouvillean
Ky:—io, @ 1+1® L), (57)
with periodic boundary conditions in 7. Note that, under assumption (A2), Ky is a

closed operator with domain D = D(i9; ® 1) N D(1 ® Lo).
By Fourier transformation, H is isomorphic to

@(einwt) ® H = @h(n) ®H,

nel nel

where h® := (¢"') and w = 2*.
According to Floquet theory of quantum mechanical systems driven by peri-

odic perturbation, (11,25,26), the semi-group generated by K is given by

(€K 0 = Tyl t = o) [t = 0), ©8)

where f € H and o € R. Relation (58) can be seen by differentiating both sides
with respect to o and setting o = 0 (see Ref. 11). (Alternatively, one may use the
Trotter product formula, (23).)

Note that if
Ki¢p = 1o, (59)
for ¢ = ¢(t) € H and A € C, then ¢(¢) satisfies
Uy(t, 0)¢(0) = e~ ¢(2). (60)
Conversely, if
Ug(z, 0)p(0) = e ¢b, (61)
then
¢(t) = e Uy(t, 0)o (62)

is an eigenfunction of K; with eigenvalue A.

We now study the spectrum of K using complex spectral deformation tech-
niques as developed in Refs. 12, 14-16.1°

Let u; be the unitary transformation generating translations in energy for the
ith reservoir,i = 1, ..., n. More precisely, for f; € L*(R; B),

w(0)fi(u) = f ) = fiu+0).
Moreover, let
Ui(0) := I'i(u;(9))

denote the second quantization of u; ().

19 One may alternatively use the methods developed in Refs. 20, 21.
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Explicitly, U;(0) = €4, where 4; := idT';(d,,) is the second quantization

of the generator of energy translations for the i th reservoir, i = 1, ..., n. We set
U@)=1"01"U1(0)® --- ® U,(H). (63)

Let
K3 (0) := UO)K;U(-0) (64)
= —i0, + L,(t,0), (65)

where Lg(t, ) is given by
Li(t,60) == U@O)LUOU(=0) = Lo+ NO + g7z, 6), (66)
Lo=LE+Y LR, LR =dT(u;),i =1,...,n,and

7 0) =3 for @ 1P @ ai(fy, (0) +0-® 17 @4 (f,,()
— i @0 ® (— )N D (1)

] i —pi(ui— i #(0
— 17 @ oy @ (— )V (e T2 0 )

It follows from assuption (A2) that, for 6 € 1(§), V;"‘(r, 0) is a bounded op-
erator. Hence K3 (¢, 0) is well-defined and closed on the domain D := D(id,) N
D(N)ND(LR)N - ND(LR). When the coupling g = 0, the pure point spec-
trum of Ly is 0,,(Lo) = {—2wy, 0, 2wp}, with double degeneracy at 0, and the
continuous spectrum of Ly is 0¢n(Lo) = R. It follows that

opp(Ko) = {EV(g=0)=E; +ko:j=0,....3 ke Z}, (67)
where £y = 0, E; = —2wy, and E3 = 2wy, and 0,,,(Ko) = R. Let
K* = —id, + L*.

Clearly, 0 (K*) = 0,p(Ko). We have the following two easy lemmas.

Lemma 4.1. For 0 € C, the following holds.
(i) For any € D, one has
IKo@)W II* = IKo(ReO)W 11 + | 1m0 | Ny |1 (68)
(ii) If ImO # 0, then Ky(0) is a normal operator satisfying
Ko(0)" = Ko(0), (69)
and D(Ky(9)) = D.
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(iii) The spectrum of Ky(0) is

Ocont(Ko(0)) = {nb +5s : n € N\{0}and s € R}, (70)
opp(Ko(@) ={lkw+E;: j=0,...,3,keZ}, (71)
where Eg1 = 0, E; = —2wy and E3 = 2wy, (the eignevaues of L¥), and

2
=

w =

Proof: The first claim follows directly by looking at the sector where N = nl,
since K(0) restricted to this sector is reduced to

K"(6) = K= +51 -+ + 5, +nb, (72)

where si,...,s, are interpreted as one-particle multiplication operators. For
Im6 # 0, it also follows from (72) that

D={y={y"):y" e D(K(©®) and > IK @Y™ < oo},

and hence K() is a closed normal operator on D. Claims (ii) and (iii) follow
from the corresponding statements on Ké")(e). |

Lemmad4.2. Suppose (A1)—(A3) hold, and assume that (g, 0) € C x 1~ (5). Then
the following holds.

(i) D(K;(0)) = D and (K;(0))" = Kg(0).

(i) The map (g,0) — K (0) from C x I7(3) to the set of closed operators
on 'H is an analytic family (of type A) in each variable separately; (see
Ref. 18, chapter V, Sec. 3.2).

(iii) For finite g € R and Imz large enough,

s — 1}3%(1(;(9) —2) ' = (K}(Reb) —z)"". (73)

Proof: The first claim (i) follows from the fact that g7"*°'(¢, #) is bounded for
6 € 1(3). It also follows from assumption (A2) that (g, &) — K(6) is analytic in
0 € I7(3). Analyticity in g is obvious from (65). We still need to prove claim (iii).
Without loss of generality, assume that Ref = 0. It follows from assumption (A2)
that the resolvent formula

(K:0) — 2" = (K50) — 2 (1 + g7 0K ®) — 27 ), (74)

holds for small g, as long as z belongs to the half-plane {z € C : 0 < ¢ < Imz}.
Since (K;(0) — z)~! is uniformly bounded as /m6 1 0 for g € R finite and Imz
large enough, and 7°'(9) is bounded and analytic in 6, claim (iii) follows from
the Neumann series expansion of the resolvent of K3(6). |
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Next, we apply degenerate perturbation theory, as developed in Ref. 12, to
compute the spectrum of K;(6). Using contour integration, one may define the
projection onto the perturbed eigenstates of K ;(0), for /m6 € 17 (3). Let

N d
Pran(®) = e = KN, (75)
Y

where y; is a contour that encloses the eigenvalues £, & )(g =0),;=0,...,3,ke
Z, at a distance d > 0, such that, for sufficiently small |g] (to be spemﬁed below)
the contour also encloses £ (k)(g)

Moreover, let Ty &) := Pyt Pg.)(0) Pory-'! We show in Theorem 4.3 that
the isomorphism

Sew(©) 1= T, 4 Po.ay Py (0) = Ran(Pe(0)) > h® @ HE @ HE  (76)
has an inverse
St = Peay( @) Pogy T, () 7(0) : hY @ HE @ HE — Ran(Py (). (77)
We set
Mty = Pyt P,/ 0)K 3(0) Py /() Po (1) (78)
and define the quasi-Floquet Liouvillean by

S 1= Sg.w(0) P y(O)K30) Py ao(0) S, (0) = Ty o Mg iy T 7. (79)

Letk = min{8, = I RRRRE 2}, where § appears in assumption (A2), Sec. 3, and
Bi, ..., Bn,arethe inverse temperatures of the reservoirs R, . . ., R, respectively.
For 6 € I~ (x) (see (51)), we choose a parameter v such that
—K<v<0and—K<1m0<—K+|U|. (80)
We also choose a constant g; > 0 such that
g1C < (k —|v])/2, (81)
where
C:= sup ||V, 0)] < oo. (82)

oel(s),teR

Theorem 4.3. Suppose that assumptions (A1)—(A3) hold. Then, for g, > 0 sat-
isfying (81), 0 € 1~ (k) and v satisfying (80), the following holds.

'Note that, although Kj(6) is unbounded, it is a normal operator, and hence 150,(;0 is well-defined by
the spectral theorem: (see for example Ref.18).
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(1) If|gl < g1, the essential spectrum of the operator K;(0) is contained in
the half-plane C\ E(v), where E(v) := {z € C : Imz > v}. Moreover, the
discrete spectrum of K;(0) is indepenent of 6 € 1™ (K). If |g| < 1/2g1,
then the spectral projections ﬁg,(k)(e), k € Z, associated to the spectrum
of K;(0) in the half-plane E(v), are analytic in g and satisfy the estimate

”ﬁg,(k)(e) - ﬁO,(k)” < 1. (83)

i) If |g| < &, then the quasi-Floquet Liouvillean ¥, i defined in (79) de-
g 2 q q g,(k)
pends analytically on g, and has a Taylor expansion

o0
N o
Sew=Ki+ > ¢7EE (84)
j=1
where
KG =ko+ L keZ (85)

The first non-trivial coefficient in (84) is

N 1 dz -
@ : -
b =3 fy 577 G0 = Kiy) + = K™ 5w().
'k

where &)(z) = Py 4o V(0)(z — Ko(0)) ™' 7°4(0) Po, 1.

Proof: (i) The resolvent formula
(Ky(0) —2)"" = (K5(0) —2) (1 + gV, 0)(K5(0) —2)7) ™', (86)

holds for small g and z in the half-plane {z € C : 0 < ¢ < Imz}. We extend the
domain of validity of (86) by refining the estimate on gV"**(¢, )(K;(0) — z)~'.
Note that

g7, O)K50) — 2) 7'l < IgICI(Ko(©) — 2)7 |

= B i@y

where C is given by (82) and n(K(#)) is the closure of the numerical range of
K. Fix g1 such that it satisfies (81), and choose € such that € > % > 0. Let

G(v,e) :={z € C: Imz > v;dist(z, n(K;(0))) > €}.
Then

74 — |g|
sup [lg7*' (. 0)(K5(©0) —2)7' Il < o

zeG(v,€)
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If |g| < g1, the resolvent formula (86) holds on G(v, €), and, form > 1,

\g\ m
sup_ e = K@)~ Z(Z—Kow)) &7 )G — K@) Y < S
z€e Vv, € _0 g
(87)
It follows that
U 6. e cak;o)), (88)

e k=l

where p(K;(0)) is the resolvent set of K;7(6). Moreover, setting m = 1 in (87), it
follows that, for |g| < g1/2,

| Py, 10(0) — Pooll < 1,

and hence }Sg,(k) is analytic in g. We still need to prove the independence of
opp(Kg(0)) of 6 € I ().

Fix (go, 09) € C x I7(8) such that |gy| < g;. The discrete eigenvalues of
K3 (6) are analytic functions with at most algebraic singularities in the neigh-
bourhood of 6, since K, (¢) is analytic in 6. Moreover, since K (6) and K, (6)
are unitarily equivalent if (8 — 6y) € R, it follows that the pure point spectrum of
K, (0) is independent of 6.

(ii) Analyticity of 7, ok directly follows from (i) and the definition of T, o, ()
Since ||7~"g'(k) — 1| <1 for |g| < g1/2, ng(lk/)z is also analytic in g. Inserting the
Neumann series for the resolvent of K;(6), gives

[e.9]
Tow=1+Y g'Tg). (89)
with
Ty = fk Sz = K5 o P 00z = K@) 700 Py (2 — K7
(90)
Similarly,
[e¢]
My = K* + 3 ¢/ M), 1)
with

o7 dz -1p [rto * —1 rto i-1p -
Vi = ozt = K Py P60 = K30 700 Pugo(z = K
Vi ©92)
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The odd terms in the above two expansions are zero due to the fact that Py
projects onto the N = 0 sector. The first non-trivial coefficient in the Taylor series
of Eg(k) is

. S N
@ _ g0 _l{zops | pr70
S = Mg — 5 <T<k) K+ K T(k)) (93)

1

d
2 ?g " Ezi(sk(z)c —K¥) '+ = K5 &), ©4)
14

with
£(2) = Poy V-, 0)(z — K3(0)) ' 73 (-, 0) Pog.

O

We explicitly compute the discrete spectrum of K;(¢) to second order in
the coupling constant. Let e;, € H denote the vectors of spin up and down

respectively. Then the states in 7 corresponding to the eigenvalues Eﬁ-k)(g =
0),7=0,...,3,ke€Z,are

p=¢" @ e®e QR 00",
o= @ 0 N @ .. ®@QR,
pi=e""®ea® QM e - 00",
ppi=¢" @ e® a0l 00",

where Q7% is the vacuum state in 7% (L%(R; B)).
We apply perturbation theory to calculate E;k)(g). We know that

~ 1 dz ~ ~ 1 ~ -1
S = §7§ —{ oy V. 0)(z — Ko@) V. 0) Po.oy (2 — K5y)

vk 270
+(z = K) Po.iy V(. 0)(z — Ko(0) ™ V', 0) Py} (95)
For f3 , asin (29), we let its Fourier transform be
7 1 i —imw
Spopm(U, @) = ?/0 dte " fou(u, ). (96)

Similarly, for f;{ ., as in (30), we let

o 1 T .
Ih . @) : - fo dte™™ [} (u,1). (97)
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Consider first the nondegenerate eigenvalue £ gk). Applying the Cauchy inte-
gration formula to (95), and using the facts that

lim Re -
e\0 X — 1€

1 1
=PV —, and limIm — =md(x),
X N0 X — 1€

where PV denotes the Cauchy principal value, it follows that

- 7 2
R 3, ik(z) 3 = ']DV/ d ”fﬂnui,mw,w)”B ’
e L P, By > EZEl o uzwo—(k—m)a)—u
meki 1=

~k ~
Im < 3. 3000 > = =1 3 Y 1 S m ey — (k — mw, )13,
meZ i=l1

where < -, - >> is the scalar product on H. Therefore,

(k) _ 2 - ”f’\ﬂ[,m,m(u,w)”%
EY(g) = ko +2w0 + & ) ZPV/Rduzwo_(k_m)w_u
mEZ i=1

—ing® Y Y g m Qoo — (k= mw, o)1} + O(g*).
mGZ i=l1

Similarly,

- 3 2
EP(g) = ko —200— g7 Y Y PV /R I /e -

7, o1 209 — (k —m)w —u
meli 1=

—ing® Y Y g m Qoo — (k= mw, o)1 + O(g*).
mGZ i=l1

Next we use degenerate perturbation theory to calculate E;k)(g), j=0,1.
Applying the Cauchy integration formula to (95) and using the definitions of fg ,
and f, ;ﬁ s it follows that

Re < ¢¥! BEOp01 5 — _Re « 10, $F P01 5,

. ”f}f i m(u w)”%g
+ PV | d e ,
ZZ /R uZa)()—(k—m)a)—u

mel, i=1

Im & ¢!, EXp0 s — _Im < )0, $APp0!

7 3 Y e Qoo — (k — mw, )|

mel, i=1
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Therefore,
E§)(g) = ko + g2ag; + O(g"), (98)

where ay | are the eigenvalues of the 2 x 2 matrix

SR I -1
—inZanﬂi,m,m(zwo—(k—m)w,a»né(_1 1>. (99)

mel, i=1

By construction, K e'*'Q = kwe*'Q and U(0)e'*'Q = €/*'Q, so {kw : k €
Z} are also isolated eigenvalues of K3(0), € /7 (8). This can be seen by defining
the spectral projections corresponding to the real isolated eigenvalues of K,(0),
using the resolvent, and taking the adjoint to define the corresponding spectral
projections for the real isolated eigenvalues of K;(6)."

The vector Y = (1) is the eigenvector corresponding the eigenvalue 0 of

22 4 Hence,

E{(9) = ko, (100)

EP(Q) = ko —2mig® Y Y I fpum Qo — (k — ma)ll + O(g*)
mEZ i=l1

(101)

Note that due to assumption (A3), Im Eg.k) < 0, for j =1,2,3, while Im E(()k) =
0.'* We have proven the following corollary to Theorem 4.3.

Corollary 4.4. Suppose assumptions (A1)—(A3) hold. Then, for 6 € 1~ («x) and
lg| < g1/2, where g satisfies (81), K;(0) has infinitely many simple eigenvalues,

{kw} ez, on the real axis, where w = 27

We will use the results of Theorem 4.3 and Corollary 4.4 to prove that the
true state of the coupled system converges to a time-periodic state.

12 Suppose « is an isolated and real eigenvalue of a closed operator 4. Then the spectral projection

corresponding to « is
1
P=—¢ (z— A dz,
2wi Jy,
where y, is a contour enclosing « only. Since « is real and isolated, it is also an eigenvalue of 4*
with corresponding projection P*. (Using Cauchy’s integration formula, one may readily verify that
A*P* = P*4* = o P* and that (P*)* = P*.)
13 Alternatively, one can use the Feshbach map (see Ref. 6) to compute the perturbation of the discrete
spectrum of K 7(0), which gives the same result.
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Fig. 1. Spectrum of K ;f (6). (color online)

5. CONVERGENCE TO TIME-PERIODIC STATES

The following theorem claims that, under suitable assumptions, the true
state of the system converges to a time-periodic state with the period 7 of the
perturbation.

Choose x = min(8, 7, ..., 7-) (as in Sec. 4), define h'e’ == D(efV P,
and let O'*"® be the x-algebra generated by b*(f), f € h’®’, and by 1%. Note
that O'"® is norm-dense in O™, We define a *-algebra

C:=0"g R g...Q O, (102)

which is dense in O.
We make the following additional assumption.

(A4) The interaction Hamiltonian ¥'(¢) belongs to C, for z € R.
Let

_ 2
K AR]-H

D=1"01"®e ® - @e VAR, (103)
where A, =dTI'(id,,),i =1, ..., n, is the second quantization of the generator
of energy translations for the ith reservoir. The operator D is positive such that
DQ = Q, and RanD is dense in H. This opertor will be used as a regulator in
order to apply the complex deformation technique. We have the following theorem.
We will show in the following theorem that the time-periodic state to which the
real state of the coupled system converges is related to a zero-energy resonance
state given by Qg (9) := (1 ® D) Py 0)(1 ® Q).
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Theorem 5.1. (Convergence to time-periodic states).
Assume assumptions (A1)—(44) hold. Assume further that a € C. Then there
is a constant g > 0 satisfying (81), such that, for |g| < g1/2, the following holds

lim (€2, a1 (@) = (4.0, D™l (@)), (104)

where Qg,(o) corresponds to the zero-energy resonance of the adjoint of the Floquet
Liouvillean, K, and D is given by (103).

Proof: First note that by using a Dyson series expansion, it follows from as-
sumption (A4) and the fact that a € C that j(a) € C, and hence a,(a)Q2 €
D(D7Y).

The remainder of the proof relies on the result of Theorem 4.3, Corollary
4.4, and equation (58) (Sec. 4). It follows from (58) and the time periodicity of
feH = L0, ]) ® H that

(%" 1@ Q)(0) = Ug(nt, 0)(1®@ Q)(0) = Up(nz, 0)Q.  (105)

Letl1®Q=:QeH,and D:=1Q D.

Without loss of generality, we assume that w = 27” # 2wy; (if 27” = 2wy, the
state of the system typically oscillates between two resonance states until it finally
converges to a time-periodic state; see remark 1). Using the dynamics on C(O, 2)
and (105), it follows that

nli)nolo<9, agtJ’t(a)Q) = nli)n;()(ﬁg(nr, 0%, aé(a)Q) (106)
= lim ((e”"""Q)(0), o (@)2) (107)

Using the regulator D and complex spectral translation,

lim (@, a""(a)Q) = lim (DU(—=0)e """ U(6)D Q)(0). D™ a(a)2)

(108)
= 1320 (([)U(—e)/oo du(u +in
—K:(0)) e Q) (0), DTl (a)<). (109)

We split the above integration into two terms,

lim (DU(—0) / ~ du(u + in — K3(0)) e 1 Q(0), D™ al(a)2) (110)

= lim ((DU(—@)?{ dz(z — K}(0))"'e """ Q)(0), Do (a)Q2) +
n—o00 y
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+ lim (DU(—0) / ~ du(u —i(pn — €) — K3(0)) e = 0)(0),

D™l (@)), (111)

where n > 0,0 < € < u and y is the contour enclosing the point spectrum of
K3 (6) only.

Using the results of Theorem 4.3 and Corollary 4.4, the first term converges
to a time-periodic expression,

lim <(DU(—9) 7§ dz(z — K}(6))"'e """ Q)(0), Dla;(a)s2> (112)
n—0oQ y
=) lim (DU(=0)3 (@)™ =05, 1,0)$2)(0), D~'a(a)) (113)
kel
= > ((DPe(0)2)(0), D et (@)2) (114)
kel
Let
Qg0 1= DPyiy(0)(™ ® Q), (115)
and denote by < -, - >> the scalar product on {. Then
DP, 1y(0)D =< (™' ® Q), - > Qg 1) (116)
Therefore,
DPy ()2 =< ™ @Q,1® Q2> Q (117)
= Qg 0)8k0 » (118)
where & ¢ is the Kronecker delta, and hence
Z((Dﬁg,(k)fz)(o)» D™l (@)Q) = ((R4,0)(0), D™ af(@)L), (119)
keZ

where Qg,(o) is the zero-energy resonance of the Floquet Liouvillean. The second
term in (111) converges exponentially fast to zero since

<(DU<—9> / " duu — i1 — ) — K}0) e )0,

D—la;(a)sz> = O(e" =y, (120)

where 0 < €’ < € < u; (see Ref. 24, Chapter 19). O
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Remarks.

(1) When o = 27” = 2w, the system exhibits the phenomenon of resonance:
The state of the system oscillates between two resonances until it finally
converges to the time periodic state corresponding to Qg,(o). This can be
verified by a second order time-dependent perturbation theory calculation
(see also Ref- 26).

(2) By a standard argument, the result of Theorem 5.1 can be extended to any
initial state normal to w (see_for example, Refs. 16, 20, 21).

(3) Note that
((©4.0)(0), D' (@)R) = (L 1)(0), D™ atf(@)e™ ' Q),

where Qg,(k) is the state corresponding to the kw-energy resonance of
the adjoint of the Floquet Liouvillean. In other words, all kw-energy
resonances belong to the same class of time-periodic states.

In the next section, we discuss the positivity of entropy production per cycle
and Carnot’s formulation of the second law of thermodynamics.

6. POSITIVITY OF ENTROPY PRODUCTION

We consider a small system coupled to two fermionic reservoirs at the same
chemical potential u, yet at two different temperatures 8; and S,, with B <
B2. Together with assumptions (A1)—(A4), we assume that the perturbation is
differentiable in ¢, for t+ > 0. The first reservoir acts as a heat source, and the
second reservoir as a heat sink. We want to show that, after the true state of the
system has converged to a time-periodic state, the entropy production per cycle is
strictly positive. We first prove that the time-periodic state, which the true state of
the system converges to, is not normal to the initial state.!*

We introduce the standard Floquet Liouvillean,

Ry = —id, + Lg(t) , (121)

acting on the extended Hilbert space L?([0, t]) ® H, with periodic boundary con-
ditions in ¢, where Lq(t) = Lo + gV (t) — gJ V(t)J, is the standard Liouvillean.
We study the spectrum of the standard Floquet Liouvillean using complex spectral
translations. Since the proof of the following proposition is very similar to the
analysis in Sec. 4, we only sketch the main steps of the proof.

1411 this section, we will use standard results about von Neumann algebras and Tomita-Takesaki
modular theory. We refer the reader to Ref. 7, chapters 2.4 and 2.5 for an exposition of these results.
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Proposition 6.1. Suppose assumptions (A1)—(A3) (Sec. 3) hold. Then there exists
a positive constant g, such that, for |g| < g, the spectrum of the standard Floquet
Liouvillean K, defined in (121), 0(Ky) is absolutely continuous and

U(Kg) = O—ac(kg) =R.
Sketch of proof.

Let U(0) as in Sec. 4. We define the complex deformed standard Floquet
Liouvillean by

K (0): = U@O)KU(-6) (122)
= —id, + L,(t,0), (123)
where
Ly(t,0) = Lo+6ON +gV*(t,0),
and

VUt 0) = U@V (t) — JV(t)J)U(—0)

= lo-®1¥ @ ([ (1) + o ® 17 @a(/, (1)
i=1

—i1* @0 @ (—DYa* (£ ,(0) —i1" ® o @ (~DMa(£S, ().
It follows from assumption (A2) that V'*'(z, 8) is bounded for 0 € /(). Let

C:= sup |[[V°@,0)]. (124)
teR 0e1(5)

For 6 € I~ (k), choose v such that 0 > v > —k and —x < Im6 < —(x + |v])/2.
Choose g, > 0 such that

2C < (k+v)/4. (125)

Then, using an argument which is similar to the proof of Theorem 4.3, one can
show that, for |g| < g, the essential spectrum of K (6) is contained in the half-
plane {z € C: Imz < v}, and that it discrete spectrum

opp(Re) ={E¥(9) 1k eZ. j=0,....3} (126)

where (to second order in perturbation theory)

2 A
r= ||.fi, i,ﬂ‘l(uvw)”z
EfN@) = ko F2o0F &Y ) PV/ du—2Pt B

== R 2w)—(k—m)w—u




Cyclic Thermodynamic Processes and Entropy Production 461

2
— i Y Y Mg Qe — (k= mw, )| + Og*).

meZ i=1

while
Egi(@) = ko + gan1 + 0(gh) (127)

where a ; are the eigenvalues of the 2 x 2 matrix

2
=it Y Y 1 f gm0 — (k = mw, o)1

meZ i=1

1 — e BiQuo—(k—m)w—p)/2
X\ o BiCog—k—myo—p)/2 | . (128)

Note that, to second order in the coupling g, the discrete spectrum is below the
real axis. The claim of the theorem follows by noting that

s — I}nig%o(kg(e) —z2)7' = (Ky(Ret) — )"

for small real g and large enough /mz. i

This result is sufficient to show that the time periodic state @ ; defined in
(9), Sec. 2, is not normal to the initial state . Let g3 := min{g;/2, g»}, where g
satisfies (81) (Sec. 4) and g, satisfies (125).

Theorem 6.2. Suppose assumptions (A1)—(A3) (Sec. 3) and (A4) (Sec. 5) hold.
Then, for |g| < g3, the time-periodic state a);fs, for s € [0, t), does not belong to
N, ie, w;s is not normal with respect to .

Proof: First note that under the assumptions of this theorem, the results of
Proposition 6.1 hold. In particular, K ¢ has no real eigenvalues.

2w -w 2wy 0 2wy w 2w
o] o] o] o] o]
o] o Q o o O o o O o o © o o]

Fig. 2. Spectrum of K, ¢(0). (color online)
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By construction,

+ tr_ +
Wgs 00y =Wy . (129)
Since we are assuming that a); € N, there exists a unique vector Q
the natural positive cone P := {aJaS2 : a € M} associated to the pair (M a))

such that

wg (@) = (QF,aQf ), (130)
for a € M. Now, (46), (128), and (129) imply that
(Uy(, O)Qg o aUg(z, O)Q;S (Q;S, aQ;S), (131)
for a € M. Using the facts that
[J, Ug(t,£)] =0, (132)

where J is the modular conjugation and Ug is the propagator generated by
the standard Liouvillean, JQ+ = QTS since QZ eP,J*=J, and JMJ =

M, it follows that (130) also holds for a a € M’'. Furthermore, we know
that'®

UPcCP,

and that the linear span of P is dense in H. Let P;v be the orthogonal projection
onto F , then P} - € M v M’. Moreover, since 7 = 7> @ a1 @ --- @ 7™
in the Araki-Wyss representation, M is a factor (of type //1; see Ref. 2), ie,

M N M = {C1}.7 Suppose that

U,(z, O)QJr = 019+ + W,
where W € Ran(1l — ngs) and c) , are complex numbers to be determined. Choos-
inga =(1-— P;S) in (130) gives

leaf? =
Together with the fact that
(Uy(x, O)Qg?, Us(z, O)ng, (Qgg, SZ;S) =1,
it follows that |c;|> = 1. This implies that there exists A € R such that
Ug(, 0)Q5 = e 7/ . (133)

I5Fora proof of this statement, see Ref. 7, Theorems 2.5.31 and 2.3.19.

165ee Corollary 2.5.32 in Ref. 7.

17 Using the isomorphism between FR1(L?) ® --- ® F*#(L?) and .7-'(L%21 R ® L%{n ), one can
proceed to show that M is a factor as in the case of the Araki-Wyss representation for a single
reservoir of free fermions.
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For each fixed s € [0, t], we define

bs(t) := M Uy(t, 0)2F (134)

&8

then ¢, is an eigenfunction of kg with eigenvalue A. (This can be checked by
looking at K.¢,.) However, this is in contradiction with the result of Proposition
6.1, and hence w;js g No,. |

We have the following result regarding the strict positivity of entropy pro-
duction per cycle.

Theorem 6.3. (Positivity of entropy production) Suppose assumptions (A1)—
(A4) hold. Then the entropy production per cycle, after the state of the system has
converged to a time-periodic state, is strictly positive, ie,

AEnt := ff dtwg (8,(gV (1)) > 0. (135)
0

Proof: It follows from assumptions (A1)—(A4) and Theorem 5.1, that

sup | dt{ OF ¢ mod 1BV (1)) — @ 0 ay(8u,(gV (V)] < o0,
TeRJr 0

Together with the result of Theorem 6.2, this implies that a)gs satisfies the as-
sumptions of Proposition 2.1, and the entropy production per cycle after the
state of the coupled system has converged to a time-periodic state, is strictly

positive. m|

Regarding the explicit computation of entropy production per cycle, (134),
we would like to make the following remark. Since it follows from Theorem
4.3 that Qg (0 1s analytic in g for g < g1/2, one can expand w: to any order
in the coupling g, and compute an explicit expression for AEnt given in (134)
up to this order in the coupling constant; (see also Refs. 20, 21 for a discussion
of a perturbative approach for calculating entropy production in nonequilibrium
steady-states).

APPENDIX: GLUED HILBERT SPACE REPRESENTATION

‘We want to show that

FLART; B)) ® F(L*(RY; B)) = F(L*(R; B)).
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Let Q be the vacuum state in the fermionic Fock space F(L%(R™; B)). For
fermionic creation/annihilation operators on F(L*(R™; B)),

b (f) = f m(u)dudo f(u, )b (u, o), f € L*(R*; B),
define the creation/annihilation operators on F(L*(R*; B)) ® F(L?>(R*; B)) as
bi(f)=b(NH®1;
i) = DY @b(f).

where ~ corresponds to complex conjugation. Note that b, and b, anti-commute.
Let a and a* be the annihilation and creation operators on the fermionic Fock
space F (L*(R*; B) ® (L2(R™; B)), such that they satisfy the usual CAR, and let
Q2 be the vacuum state in F(L>(R"; B) @ (L*(R*; B)). An isomorphism between
F(L*(RT; B)) ® F(L*(R"; B)) and F(L*(R*; B) ® (L>(RT; B)) follows by the
identification

bi(f) = a (/. 0)).

bi(g) = a"((0. ) ,

QeQ=Q.

Now we claim that F(L?*(R;B)@® (L>(R";B)) is isomorphic to
F(L*(R, du; B)). For ¢, ¥ € R, consider the mapping
Jew  L*RT;B) @ L*(RT;B) > (f, g) — h € L*(Rdu; B) ,

such that

el /mu)fu,o), u>0
e Jm(uDg(ul, o), u <0

This mapping is an isometry, since

h(u,o0) = :

”h”iz(R,du;B) = ”(fv g)||iz(R+;B)®L2(R+;B)
= / dudomu)| f(u, o)> + / dudom(u)|g(u, o)
R*:B R*;B

= 1/} o) + 1811720

Moreover, the mapping js 4 1S an isomorphism, since, for given /1 €
L?*(R; B), there exists a mapping JJ}/, ch — (f.g) € L*(R"; B)® L*(R*, B),
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such that
f0,0) = b, o)
u,0) = ——nu,o), u=>0,
vm(u)
(0,0) = — i
gu,0) = —=h(ul,0), u<DO.
vm(lul)
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